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The energy conditions of mimetic-f(R) gravity theory is analyzed. We will obtain the parameter
space of the theory in some special forms of f(R) in which the self-acceleration is allowed. In this
sense, the parameter space is obtained in a way that it violates the strong energy condition while
satisfying the weak, null and dominant energy conditions. We will also consider the condition that
the Dolgov-Kawasaki instability is avoided. This condition will be further imposed in the parameter
space of the theory. We will show that the parameter space of the mimetic-f(R) gravity is larger
than f(R) gravity theory.
I. INTRODUCTION
Instead of searching for an action which is invariant under the conformal transformations, one can define a new
metric tensor which is conformally invariant by itself. Writing any gravity action with this new metric tensor will
then results in a conformally invariant gravity theory. This interesting idea was recently proposed by Chamseddin
and Mukhanov [1] where they have defined a new metric tensor, made of a dynamical metric tensor and a scalar field
as
gµν = −gˆµν∂αφ∂βφgˆαβ . (1)
The metric gµν is invariant under the Weyl transformation on gˆµν as
gˆµν → Ω2(x)gˆµν . (2)
Writing the usual Einstein-Hilbert action with the above new metric leads to a gravitational theory with an extra
degree of freedom which behaves like a dust [1]. So, one has a new pressure-less matter fluid with geometric origin
which can play the role of cold dark matter sector of the universe. The theory is then dubbed “mimetic dark matter”.
An immediate consequence of definition (1) is that the scalar field should satisfy the relation
gµν∂µφ∂νφ = −1. (3)
This means that the gradient of the scalar field should be time-like vector field everywhere. One can add the above
equation into the action as a constraint through Lagrange multiplier. It turns out that both actions yield the same field
equations [2]. Many works have been done in the context of mimetic dark matter theory, including the Hamiltonian
analysis [3], cosmological perturbations [4], and other generalizations of the theory [5].
The constraint equation actually breaks the Lorentz invariance of the action by defining a preferred time-like
direction in the space-time. Such a theory has been considered vastly in the literature, known as the “Einstein-aether”
theory [6]. In this theory a time-like vector field, known as the aether vector, is introduced to the theory through a
Lagrange multiplier. Many works has been done in the context of Einstein-aether theory, including cosmology [7] and
black hole solutions [8]. One of the interesting facts about the Einstein-aether theory is that it can be considered as
a low energy limit of the Horava-Lifshitz gravity if the aether vector is hypersurface orthogonal [9]. In order to make
the aether vector hypersurface orthogonal, one can define the aether as the gradient of a scalar field T as
Vµ =
∇µT√
gαβ∇αT∇βT
.
This changes the Einstein-aether theory to a gravitational theory with an extra scalar degree of freedom with a timelike
gradient. Assuming that the gradient of the scalar field T has a unit norm, makes the Einstein-aether theory and the
∗Electronic address: z.haghani@du.ac.ir
†Electronic address: m.shiravand@std.du.ac.ir
‡Electronic address: s.shahidi@du.ac.ir
ar
X
iv
:1
50
7.
07
72
6v
3 
 [g
r-q
c] 
 8 
De
c 2
01
7
2mimetic dark matter theory very similar. The main difference between these two theories is that the Einstein-aether
theory has some self-interaction terms for the aether vector. The first attempt to add some kinetic terms (other than
the canonical kinetic term which is already present in the theory) to the action of mimetic dark matter theory was
done in [10] by writing the scalar version of the Einstein-aether theory using the substitution Vµ = ∇µφ. The theory
can then be considered as a scalar Einstein-aether gravity. Unfortunately, the resulting theory is equivalent to the
projectable Horava-Lifshitz gravity which is known to have ghost and strong coupling problems. This problem can
simply be solved by adding to the theory a potential term which breaks the shift symmetry on the scalar field φ [10].
However, one can add some other, i.e. healthy, self-interactions to the mimetic gravity action which makes the theory
different from the projectable Horava-Lifshitz gravity, and in the mean time keeps the shift symmetry on the scalar
field. In [11], the authors have added galileon self-interactions to the mimetic action making sure that the theory does
not suffer from the Ostrogradski instability. The resulting theory can then explain the late-time accelerated expansion
even in the dust dominated universe. In [12], the authors have considered the term γ(φ)(φ)2 to the mimetic action
which simultaneously has higher derivative terms and breaks the scalar shift symmetry. It is interesting to note that
the Einstein-Hilbert action plus γ(φ)2 term with constant γ in the context of mimetic theory can be written as
S =
∫
dtd3xN
√−q( 3R+KijKij + (γ − 1)K2),
where Kij is the extrinsic curvature, K is its trace and qµν is the metric on the spacial hypersurface. This ADM form
of the action shows that the following action breaks the Lorentz invariant and produces the canonical kinetic term of
the Horava-Lifshitz gravity [13]. One can also add some potential term for the scalar field to the action in order to
explain the effect of dark energy in this model [14].
Beside adding higher order interaction terms to the action, one can promote the geometry to obtain an f(R) gravity
theory. The first interesting consequence of the f(R) theory with the effective metric (1) is that the universe accelerate
exponentially [15]. In [16], the authors have considered the dynamical system analysis of such model and showed that
the universe has a stable accelerated expanding mode.
The mimetic-f(R) theory can be considered as a gravitational theory coupled to a geometrical dark matter field
which corresponds to the scalar field φ. The modification of geometry is then responsible for the late-time accelerated
expansion of the universe. By rewriting the theory as a Brans-Dicke theory with ω = 0, where ω is the Brans-Dicke
coupling constant, the expansion of the universe will be encoded to a dynamical scalar field. In this sense the model
can be considered as a gravitational theory coupled to two scalar degrees of freedom which are responsible for both
dark sectors of our universe.
Despite the fact that the f(R) gravity theories are very interesting and useful, they may suffer from instabilities.
In 2003, Dolgov and Kawasaki [17] showed that the higher derivative theories may have an instability dropping the
theory to a strong curvature regime in a very short time. One can obtain a constraint on the form of f(R) to avoid
such an instability [18]. It is very interesting that the Palatini-f(R) gravity does not have such an instability [19].
In [20] the authors found an example of f(R) gravity which passes the Dolgov-Kawasaki instability. The Dolgov-
Kawasaki instability has been studied in the various versions of higher derivative gravities, including theories with
non-minimal coupling between matter and geometry [21]. In the case of mimetic-f(R) gravity, the results is the
same as the standard f(R) gravity [17], due to the fact that the dark matter sector can not be responsible for the
Dolgov-Kawasaki instability.
The main purpose of the present work is to consider the energy conditions of the mimetic-f(R) theory. In general
relativity, in order to have a viable description of the matter distribution, one has to impose certain conditions,
known as the energy conditions, which are obtained from Raychaudhuri equation [22]. These conditions basically
ensure that the gravitational force is attractive and the energy density is positive definite. The Strong, Weak, Null
and Dominant energy conditions are the most fundamental energy conditions, which are the key role for cosmology,
black hole physics and thermodynamics. In cosmology, in order to have an accelerated expanding solution, one should
have an extra degree of freedom which play the role of repulsive gravity. This means that the strong energy condition
should be violated for this new degree of freedom, while is satisfied for ordinary baryonic matter. In this paper, we
will analyze the energy conditions of the mimetic-f(R) gravity theory, and obtain the parameter space of the theory
corresponding with the violation of the strong energy condition. We will also take into account the criteria imposed
by the Dolgov-Kawasaki instability. In this sense, three different/important choices of the function f(R), i.e. the
power law, the exponential case and also the mixed case will be considered in details. The energy conditions was
investigated for many modified gravity theories, including f(R) gravity, Brans Dicke, teleparallel gravity [23], f(G)
gravity [24], f(R,Lm) gravity [25] and f(R, T,R
µνTµν) gravity theories [26].
The present paper is organized as follows: In the next section we will obtain the field equations of the model and
construct its effective energy momentum tensor. The Dolgov-Kawasaki instability analysis will be discussed in section
IV. In section V we will obtain the energy conditions and consider some special cases for the function f(R) in section
VI. In section VII we will summarize the results and make some discussions.
3II. THE MODEL
Let us consider the f(R) gravity action in the mimetic theory
S =
∫
d4x
√
−g (gˆµν , φ) (f (R (gˆµν , φ)) + Lm) , (4)
where Lm is the matter Lagrangian and the physical metric gµν is related to the auxiliary metric gˆµν and the scalar
field φ via equation (1) which yields the constraint equation (3). The field equations can be obtained by varying the
action with respect to the metric gˆµν and the scalar field φ with the result
1
2
fgµν − f ′Rµν +∇µ∇νf ′ − gµνf ′ + 1
2
Tµν + ∂µφ∂νφ
(
2f −Rf ′ − 3f ′ + 1
2
T
)
= 0, (5)
and
∇µ
[
∂µφ
(
2f −Rf ′ − 3f ′ + 1
2
T
)]
= 0, (6)
where prime denotes derivative with respect to the argument, and T is the trace of energy-momentum tensor.
By taking the covariant derivative of the metric field equation (5) one can obtain
∇µTµν = 0, (7)
where we have used the scalar field equation (6) and ∇νφ∇µ∇νφ = 0, obtained by taking the covariant derivative of
(3). So, the ordinary matter energy-momentum tensor is independently conserved in this theory. This suggests that
the massive test particles in this theory move along the geodesics, and no extra forces is present here [21, 31].
From equation (6), one obtains
√−g
(
2f −Rf ′ − 3f ′ + 1
2
T
)
∂µφ = Cµ, (8)
where Cµ is an integration constant. It is clear from equation (8) that the vector density Cµ is either zero or time-like.
One can see from equations (5) and (6) that in the case of vanishing Cµ the theory reduces to the standard f(R)
gravity. In this paper we will consider both non-zero and zero values of Cµ.
Substituting equation (8) into (5), one obtains
Gµν =
Tµν
2f ′
+
(
f
2f ′
− 1
2
R
)
gµν +
1
f ′
(∇µ∇ν − gµν) f ′ + Cµ∂νφ
f ′
√−g . (9)
One should mention that f ′ plays the role of modified gravitational constant which should be positive f ′ > 0. In the
following, we will impose this constraint for the analysis of energy condition.
From equation (9) one can define the effective energy-momentum tensor as
T effµν =
Tµν
f ′
+
(
f
f ′
−R
)
gµν +
2
f ′
(∇µ∇ν − gµν) f ′ + 2Cµ∂νφ
f ′
√−g . (10)
The Einstein’s field equation is then given by
Gµν = T
eff
µν . (11)
Using the Bianchi identity, one can see that the effective energy-momentum tensor is conserved, ∇µT effµν = 0.
It is worth mentioning that the same procedure of [2] can be done in the present case to show that (4) is equivalent
to the action
S =
∫
d4x
√−g(f(R) + λ(gµνφµφν + 1) + Lm). (12)
In this form, the scalar field φ is minimally coupled to the metric and the constraint equation (3) is added to action
through the Lagrange multiplier. To obtain the field equations one should vary the above action with respect to λ,
the metric tensor gµν and φ. The results are exactly the same as (3), (5) and (6).
4III. BRANS-DICKE EQUIVALENCE OF MIMETIC-f(R) GRAVITY
As is well-known, the standard f(R) gravity is equivalent to the Brans-Dicke theory with the parameter ω = 0.
Let us consider the equivalence between mimetic-f(R) gravity and Brans-Dicke theory in the absence of the matter
Lagrangian. The Legendre transformation for the Lagrangian (4) can be written as
S =
∫
d4x
√
−g(gˆ, φ)(ΨR(gˆ, φ)− V (Ψ)), (13)
where
Ψ = f ′(R(gˆ, φ)), V (Ψ) = ΨR(gˆ, φ)− f(R(gˆ, φ)),
where the prime denotes derivation with respect to the argument. The above action shows that the action (4) is
also equivalent to the Brans-Dicke theory with parameter ω = 0. The only difference between the usual Brans-Dicke
theory and the above action is that the physical metric is defined by the relation (1). So, we can call this theory as
mimetic-Brans-Dicke theory. To obtain the field equations one should vary the action with respect to the Ψ, φ and
gˆµν . The results are
V ′(Ψ) = R(g), (14a)
ΨGµν + (gµν−∇µ∇ν)Ψ+1
2
gµνV (Ψ)− φµφν
(
ΨG+ 3φ+ 2V (Ψ)
)
= 0, (14b)
∇α(φα (ΨG+ 3φ+ 2V (Ψ)) ) = 0, (14c)
together with equation (1). We note that G is the trace of Einstein tensor. In the above equations the covariant
derivatives and also the Einstein tensor are constructed from the physical metric gµν .
If we use the action (12) for the mimetic-f(R) gravity instead of (4) and performed the Legendre transformation,
we would obtain
S =
∫
d4x
√−g[(ΨR− V (Ψ)) + λ(gµνφµφν + 1)], (15)
where
Ψ = f ′(R), V (Ψ) = ΨR− f(R).
It can be easily seen that the above action is the Brans-Dicke theory with ω = 0 which minimally couples to a
constrained scalar field through the Lagrange multiplier. By varying the action with respect to the Ψ, gµν and φ, one
will obtain the same equations (14). The λ field equation then gives (3).
IV. REVIEW ON DOLGOV-KAWASAKI INSTABILITY IN MIMETIC-f(R) THEORY
In this section we will obtain the Dolgov-Kawasaki criterion for mimetic-f(R) gravity theory. We will use the
standard procedure of [18, 20]. Consider the dynamics of a normal mass celestial body like the earth or sun. In this
case the gravity produced by these objects is small and we can assume that locally the metric is very closed to the
Minkowski one. However, the curvature can be non-zero. Suppose that the Ricci scalar differs from its background
value R0 (produced by the celestial body) by R = R0 +R1, where R1 is a perturbation around R0. Also assume that
the scalar field is perturbed from its background value φ0(t) = t as φ(t, ~x) = φ0(t) +φ1(t, ~x). In order to be consistent
with solar system tests, we also assume that the function f(R) is very close to the Ricci scalar
f(R) = R+ ψ(R).
With these assumptions, one can expand the various derivatives of the function f(R) as
f(R) = R0 +R1 + ψ0 + ψ
′
0R1 + ..., (16)
f ′(R) = 1 + ψ′0 + ψ
′′
0R1 + ..., (17)
f ′′(R) = ψ′′0 + ψ
′′′
0 R1 + ..., (18)
f ′′′(R) = ψ′′′0 + ψ
′′′′
0 R1 + ..., (19)
5where ψ0 ≡ ψ(R0). Because the metric is very close to the Minkowski metric, one can write
R = −∂2tR+ ~∇2R, ∇µR∇µR = −(∂tR)2 + (∂iR)2.
One should note that we have two dynamical and one constraint equations. In order to study the perturbations of
the Ricci scalar we have to take the trace of metric field equation. The trace of equation (5) vanishes after using
the constraint equation (3). Expanding the constraint equation up to first order gives ∂tφ1 = 0 with implies that
φ1 = φ(~x). So we need to consider only the scalar field equation.
Multiplying the scalar field equation (8) by ∂µφ and using the constraint equation (3), one can obtain
2f −Rf ′ − 3f ′ + 1
2
T = −Cµ∂
µφ√−g . (20)
Expanding the above equation up to first order gives
R¨1 + 2∂tR0
ψ′′′0
ψ′′0
R˙1 − 2ψ
′′′
0
ψ′′0
~∇R0.~∇R1 − ~∇2R1 +m2effR1 = Veff , (21)
where we have defined
m2eff =
1
3ψ′′0
+
ψ′0
3ψ′′0
− 1
3
R0 − ψ
′′′
0
ψ′′0
(R0 −∇µR0∇µR0), (22)
Veff = R0 − Cµ∂
µφ1
3ψ′′0
− 2
3
ψ0
ψ′′0
+
1
3
R0
ψ′0
ψ′′0
+
ψ′′′0
ψ′′0
∇µR0∇µR0. (23)
One can see that the effective potential of the mimetic theory is changed due to the presence of a constrained scalar
field. The effective mass is dominated by its first term which implies a constraint ψ′′0 > 0 for a theory to avoid
tachyonic instability. We note that ψ′′0 = f
′′(R0). So, the present theory has the criteria
f ′′(R0) > 0,
to avoid Dolgov-Kawsaki instability (see also [16]). We note that the same condition is hold for f(R, T ) theory.
However, non-minimal couplings between the Ricci tensor and the energy-momentum tensor can modify the above
condition [21]. In the following we will impose this constraint for analyzing the energy conditions of the theory.
V. ENERGY CONDITIONS
Let us consider the flat FRW universe with scale factor a(t)
ds2 = −dt2 + a(t)2 (dx2 + dy2 + dz2) , (24)
which is filled with a perfect fluid with energy-momentum tensor
Tµν = (p+ ρ)uµuν + pgµν , (25)
where ρ is the energy density, p is the thermodynamics pressure and uµ is the fluid 4-velocity field. In this case, from
equation (3), one can obtain
φ(t) = t+ c (26)
where c is an integration constant. The scalar field φ always appear with derivative, hence the theory has a shift
symmetry on φ, so we can set c = 0 without loss of generality. Equation (8) implies that only the temporal component
of Cµ be non-zero and given by
C0 =
a3
2
(
3p− ρ+ 4f − 12f ′(H˙ + 2H2) + 18Hf˙ ′ + 6f¨ ′) = const. (27)
Here, H = a˙/a is the Hubble parameter and dot represents time derivative. The effective energy-density and pressure
of the mimetic-f(R) gravity theory can be obtained from equation (10) as
ρeff = 12H
2 + 6H˙ +
1
f ′
(
ρ− f − 6Hf˙ ′ + 2C0
a3
)
,
peff = −12H2 − 6H˙ + 1
f ′
(
p+ f + 4Hf˙ ′ + 2f¨ ′
)
, (28)
6A. The Raychaudhuri Equation
The energy conditions play an important role in understanding the gravitational nature of the gravitating system.
In general relativity, we have four explicit forms of energy conditions, namely: Strong (SEC), null (NEC), dominant
(DEC) and weak energy condition (WEC) [28]. Among these four energy conditions, the SEC and NEC can be
obtained using the well-known Raychaudhuri equation, from the fact that the gravitational force is attractive. In the
case of a time-like and null geodesic congruence with tangent vector fields uµ and kµ respectively, the Raychaudhuri
equation can be written as
dθ
dτ
= −1
3
θ2 − σµνσµν + ωµνωµν −Rµνuµuν , (29)
dθ
dλ
= −1
2
θ2 − σµνσµν + ωµνωµν −Rµνkµkν , (30)
where θ is the expansion scalar, ωµν is the rotation tensor, σµν is the shear tensor and τ and λ are the affine parameters
of time-like and null geodesics respectively. In the above expression we have assumed that all non-gravitational forces
are absent [29].
In order to obtain the energy conditions, let us assume that the quadratic terms in the expressions (29) vanish.
In this case the congruence is rotation free and have infinitesimal distortions. One can then integrate (29) to obtain
θ = −τRµνuµuν and θ = −λRµνkµkν , for time-like and null congruences respectively. Noting that the gravitational
force is attractive, i.e. θ < 0, one obtains
Rµνu
µuν ≥ 0, Rµνkµkν ≥ 0. (31)
In Einstein’s general relativity, one can use the metric field equations Gµν = Tµν to obtain(
Tµν − 1
2
gµνT
)
uµuν ≥ 0,
(
Tµν − 1
2
gµνT
)
kµkν ≥ 0. (32)
In the case of perfect fluid (25), the energy conditions reduce to the Strong and Null energy conditions
SEC: ρ+ 3p ≥ 0 & ρ+ p ≥ 0,
NEC: ρ+ p ≥ 0. (33)
Besides these energy conditions, we have two other energy conditions known as the weak energy condition (WEC) and
the Dominant energy condition (DEC). The WEC implies that the local energy density as measured by any time-like
observer be positive. One can Write the WEC as
WEC: Tµνu
µuν ≥ 0. (34)
Also, the DEC states that the locally measured energy density is positive and the energy flux is time-like or null. One
can write the DEC as
DEC: Tµνu
µuν ≥ 0 & Tµνuµ is timelike or null. (35)
assuming a perfect fluid, one can obtain
WEC: ρ ≥ 0 & ρ+ p ≥ 0,
DEC: ρ ≥ 0 ρ± p ≥ 0. (36)
As we have mentioned earlier, in this paper we want to obtain conditions in which the universe undergoes an accelerated
expansion. In this case the SEC should be violated but other energy conditions should remain satisfied. Considering
the above conditions, one can deduce that the condition ρ + 3p ≥ 0 should be violated. One can summarize all the
conditions above as a list
• (I) : ρ ≥ 0,
• (II) : ρ+ p ≥ 0,
• (III) : ρ+ 3p ≥ 0,
• (IV) : ρ− p ≥ 0. (37)
The above arguments implies that the condition (III) should be violated while the other conditions should remain
satisfied.
7B. Energy conditions in mimetic-f(R) gravity
In this section we want to write the energy conditions in the mimetic-f(R) gravity theory. In equation (11), the
metric field equations of the mimetic-f(R) gravity is formulated in a way that is similar to Einstein’s field equation.
The only difference is that the energy-momentum tensor is replaced by the effective energy-momentum tensor which
is now contain the effects of both ordinary matter and geometry. One can then think that the energy conditions can
be written in a similar way as Einstein’s theory, by replacing the energy density and pressure with their effective
quantities. In this sense, one can write the conditions (37) in mimetic-f(R) theory as
• (I) : ρeff ≥ 0,
• (II) : ρeff + peff ≥ 0,
• (III) : ρeff + 3peff ≥ 0,
• (IV) : ρeff − peff ≥ 0. (38)
Using equation (28), one can write the conditions (38) as
• (I) : 12H2 + 6H˙ + 1
f ′
(
ρ− f − 6Hf˙ ′ + 2C0
a3
)
≥ 0,
• (II) : −24H2 − 12H˙ + 1
f ′
(
ρ+ 3p+ 2f + 6Hf˙ ′ + 6f¨ ′ +
2C0
a3
)
> 0,
• (III) : 1
f ′
(
ρ+ p+ 2f¨ ′ − 2Hf˙ ′ + 2C0
a3
)
≥ 0,
• (IV) : 24H2 + 12H˙ + 1
f ′
(
ρ− p− 2f − 2f¨ ′ − 10Hf˙ ′ + 2C0
a3
)
≥ 0. (39)
The above conditions ensure that the gravitational force remains attractive and the energy density of the universe
remain positive. However, as we have mentioned earlier, if one wants to consider special cases where the universe
encounter an accelerated expansion, one should search for conditions where (III) is violated. In the following we will
concentrate on the conditions where all but (III) are satisfied. In the following we will call this special case “the
accelerated expanding condition”. Note that in the above calculations we check that the conditions f ′ > 0 and f ′′ > 0
are satisfied ensuring that the gravitational constant is positive and the Dolgov-Kawasaki instability is avoided as was
discussed in the previous sections.
In order to put a better constraint on the parameters of the theory, it is helpful to write the energy conditions in
terms of the Hubble parameter, H, deceleration, jerk and snap parameters with definitions
q = − 1
H2
a¨
a
, j =
1
H3
...
a
a
, s =
1
H4
....
a
a
. (40)
The present day values of the deceleration parameter,the jerk and the Hubble parameter are q0 = −0.30± 0.16 with
the best fit q0 = −0.24, j0 = −4.62± 1.74 with the best fit −4.82 and H0 = 71.16± 3.08 with the best fit H0 = 71.65
[32]. From the constraint equation (27), one can obtain the snap parameter in terms of q0, H0 and j0 and C0. The
constraint equation (27) can be written in terms of cosmological parameters as
C0 = 54
(
1
27
f − 1
108
(ρ0 − 3p0) + 2H60 (j0 − q0 − 2)2f ′′′ +
1
3
H40 (q
2
0 + 3j0 + 5q0 + s0)f
′′ +
1
9
H20 (q0 − 1)f ′
)
, (41)
where we have set a0 = 1. condition (I) is independent of the snap parameter and can be written as
1
f ′
(
ρ0 − f + 6H20 (1− q0)f ′ − 36H40 (j0 − q0 − 2)f ′′ + 2C0
)
≥ 0. (42)
In the other three energy conditions the snap parameter appears, which can be substituted with other parameters
using equation (41), with the result
• (II) : 1
3f ′
(
4ρ0 − 4f − 12H20 (q0 − 1)f ′ − 144H40 (j0 − q0 − 2)f ′′ + 6C0
)
≥ 0,
• (III) : 1
f ′
(
2ρ0 − 2f − 72H40 (j0 − q0 − 2)f ′′ + 2C0
)
< 0,
• (IV) : 1
3f ′
(
2ρ0 − 2f − 24H20 (q0 − 1)f ′ − 72H40 (j0 − q0 − 2)f ′′ + 6C0
)
≥ 0. (43)
8where we have changed the inequality of condition (III), signaling its violation. Note that by setting 16piG = 1 = c in
this paper, the Hubble parameter has dimension L−1, where L represents the dimension of length. Also the energy
density ρ, the constant C0 and the function f(R) have dimensions L
−2. One can then write the above conditions as
• (I) : 1
g′
(
6Ωm − g + 6(1− q0)g′ − 36(j0 − q0 − 2)g′′ + 2c0
)
≥ 0,
• (II) : 1
3g′
(
24Ωm − 4g − 12(q0 − 1)g′ − 144(j0 − q0 − 2)g′′ + 6c0
)
≥ 0,
• (III) : 1
g′
(
12Ωm − 2g − 72(j0 − q0 − 2)g′′ + 2c0
)
< 0,
• (IV) : 1
3g′
(
12Ωm − 2g − 24(q0 − 1)g′ − 72(j0 − q0 − 2)g′′ + 6c0
)
≥ 0. (44)
where we have defined dimensionless quantities
c0 ≡ C0
H20
, Ωm ≡ ρ0
ρc
=
ρ
6H20
, r ≡ R
H20
, g ≡ f
H20
. (45)
We should note that Ωm is the current density of baryonic plus dark matter. This is because we have assumed that the
mimetic-f(R) theory can explain the dark energy content of the universe, and so from equation (10), Tµν corresponds
to the baryonic plus dark matter content of the universe. In the above relations prime represents derivative with
respect to r.
In the following we will use the best fit values for the parameters q0 and j0 and set Ωm0 = 0.27 which is the density
of baryonic plus dark matter of the universe. This value is in accordance with the values of H0, q0 and j0 we have
used here (see [32] for the analysis we have used in this paper for the cosmological parameters).
VI. SOME SPECIAL CASES
In this section we will consider some special cases for f(R) in order to investigate the energy conditions quantita-
tively.
A. The Case f = R+ αRn
Note that the constant α has dimension L2(1−n). Introducing β = H2(n−1)0 α, one obtains g(r) = r + βr
n. The
conditions (44) can be written as
• (I) : β(4.27n2 − 3.27n− 1.00)(7.44)n + 2c0 + 1.62 ≥ 0,
• (II) : β(5.71n2 − 5.04n− 1.33)(7.44)n + 2c0 − 2.80 ≥ 0,
• (III) : β(8.56n2 − 8.56n− 2.00)(7.44)n + 2c0 − 11.64 < 0,
• (IV) : β(2.80n2 − 1.52n+ 0.67)(7.44)n + 2c0 + 6.04 ≥ 0. (46)
and the conditions for positivity of the first and second derivatives of f(R) can be summarized as
1 + 0.13βn(7.44)n > 0 & βn(n− 1)(7.44)n > 0.
Let us first consider the case β < 0. The positivity of f ′′ implies that n ∈ (0, 1). In figure (1) we have plotted the
conditions (46) for c0 = −2 and β = −2. Other values for c0 and β will also result in a qualitatively same figure. As
one can see from the figure, there exists always an intersection at n = nint where all the conditions become equal. For
n > nint the condition (III) becomes greater than other conditions and hence the accelerated expanding condition
can not be satisfied. So we should have n < nint. One can check that at nint the value of condition (III) is always
positive and all the conditions are increasing functions of n. Also, the condition (II) is less than conditions (I) and
(IV) for n < nint. The accelerated expanding condition will then be satisfied in the range n ∈ (n2, n3), where n2 and
n3 is a point in which the condition (II) and (III) become zero respectively. In figure (2) we have plotted the allowed
range of β and n parameters for c0 = −1, 0,+1. One can see from the figures that for positive values of c0 greater
values of β can be chosen. Also, for negative values of c0 the allowed values of β becomes smaller.
9(I)(II)(III)(IV)
0.0 0.2 0.4 0.6 0.8 1.0
- 20
-10
0
10
20
n
FIG. 1: The conditions (46) for c0 = −2 and β = −2 in the case g(r) = r + βrn. As one can see, the only possible values for
n lie between the point where (II) vanishes and the point where (III) vanishes.
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FIG. 2: The allowed range of parameters n and β > 0 in the case c0 = 3 for g(r) = r + βr
n.
In the case β > 0, the allowed range of n is n /∈ (0, 1). Let us decompose this range into negative values n ∈ (−∞, 0),
and positive values n ∈ (1,+∞). In figure (3) we have plotted all the conditions (46) as a function of n for c0 = 3
and β = 10. In the range n ∈ (−∞, 0), one can see that all the conditions approach to a constant at minus infinity
and the condition (III) has the smallest value among them. One can see from the conditions (46) that different values
of c0 moves all the curves in the vertical axis. So, the allowed range for n is n ∈ (n2, n3) where n2 and n3 are the
values of n where the conditions (II) and (III) becomes zero respectively. There exist a special case c0 = 1.4 where the
condition (II) approaches zero at minus infinity. In this case the condition (III) is negative in the range n ∈ (−∞, n3)
and the other conditions become positive.
In the range n ∈ (1,+∞), the qualitative behavior of the conditions are the same as in the β < 0 case. In this case,
there is an intersection point where all the conditions becomes equal. The allowed range is again occurs in n ∈ (n2, n3)
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FIG. 3: The conditions (46)for c0 = 3 and β = 10 in the case g(r) = r + βr
n. The left figure correspond to n ∈ (−∞, 0) and
the right figure corresponds to n ∈ (1,+∞).
where n2 and n3 are the points where conditions (II) and (III) vanishes respectively.
In figure (4) we have plotted the allowed parameter space for c0 = −1, 0,+1 for both sub-ranges of n. One can see
that for a given value of β, positive values of c0 can take smaller values of n and negative values of c0 can take greater
values of n.
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FIG. 4: The allowed range of parameters n and β for c0 = −1, 0,+1 in the case g(r) = r + βrn. The left figure correspond to
n ∈ (−∞, 0) and the right figure corresponds to n ∈ (1,+∞).
B. The Case f = αeβR
Introducing η = α/H20 and  = H
2
0β, one can write g(r) = ηe
r. In this case the positivity of f ′ implies that η > 0
and the positivity of f ′′ results in η2 > 0. So, both  and η parameters should be positive. With this in hand, the
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FIG. 5: The conditions (47) in the case of η = 10 and c0 = 1 for g(r) = ηe
r. Negative values of c0 will also produce qualitatively
the same figure.
conditions (44) can be simplified to
• (I) : (236.882 + 7.44− 1.00)η + (2c0 + 1.62)e−7.44 ≥ 0,
• (II) : (315.842 + 4.96− 1.33)η + (2c0 + 2.16)e−7.44 ≥ 0,
• (III) : (437.762 − 2.00)η + (2c0 + 3.24)e−7.44 < 0,
• (IV) : (157.922 + 9.92− 0.67)η + (2c0 + 1.08)e−7.44 ≥ 0. (47)
In figure (5), we have plotted all the conditions (47) as a function of  for c0 = 1 and η = 10. We should note that
negative value of c0 will also produce qualitatively the same figure. One can see that there is an intersection point at
int where all the conditions become equal. For large and negative values of c0 and large values of η, all the conditions
are negative at the intersection point. In this case there is no allowed range in which the accelerated expanding
condition is satisfied. However, for values c0 ≥ 0, the intersection point occurs when all the conditions are positive.
In this case the allowed range is  ∈ (2, 3), where 2 and 3 are the values at which conditions (II) and (III) vanishes
respectively. Also, for small values of η, there is no intersection point and the condition (III) is always greater than
other conditions. In this case there is no allowed range where the accelerated expanding condition is satisfied.
In figure (6), we have plotted the allowed parameter space of this case for c0 = −0.2, 0,+0.2. One can see that
for all choices of c0, the allowed parameters contains arbitrary large values for η, but the values of  always lies in
 ∈ (0.02, 0.08).
C. The Case f = R+ αRneβR
By defining  = Hβ0 and η = H
2(n−1)
0 α one can obtain g(r) = r+ ηr
ner. The energy conditions in this case can be
written as
• (I) : ηe7.44+2.01n(236.382 + 4.28n2 + 7.44− 3.28n− 63.68n− 1)+ 2c0 + 1.62 ≥ 0,
• (II) : ηe7.44+2.01n(315.842 + 5.71n2 + 4.96− 5.04n+ 84.90n− 1.33)+ 2c0 − 2.80 ≥ 0,
• (III) : ηe7.44+2.01n(473.762 + 8.56n2 + 127.35n− 8.56n− 2)+ 2c0 − 11.64 < 0,
• (IV) : ηe7.44+2.01n(157.922 + 2.85n2 + 9.92− 1.52n+ 42.45n− 0.67)+ 2c0 + 6.04 ≥ 0. (48)
Also the positivity of f ′ and f ′′ is reduced to
ηe7.44+2.01n(+ 0.13n) + 1 > 0, (49)
η
(
2 − n2 + 0.27n− n) > 0. (50)
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FIG. 6: The allowed range of parameters  and η for c0 = 0.2 (the Solid line), c0 = 0 (the Dashed line) and c0 = −0.2 (the
Dotted line) for g(r) = ηer.
where we have used rn = eln r for simplifying the equations. In figure (7) we have plotted the allowed range of the
parameter space in the case g(r) = r + η rner assuming η = ±0.01 and c0 = 0,±1. For positive values of η (left plot
in figure (7)), the allowed parameter space is bounded. Also, one can see that smaller values for  can be achieved by
choosing positive values of c0.
For negative values of η (right plot in figure (7)) the parameter space of the model is unbounded and one can choose
arbitrary large n. However, for accelerated expanding condition to be satisfied in this case, one should have  < 0.
Also, positive values of c0 again extend the parameter space to smaller values of n at given  and η.
VII. DISCUSSIONS AND FINAL REMARKS
In this paper we have considered the f(R) gravity in the context of mimetic dark matter theory. The mimetic
dark matter theory introduces a very simple procedure to construct a conformally invariant gravitational action by
expressing the physical metric in terms of a scalar field and a dynamical metric. Surprisingly, this procedure results in
a degree of freedom which behaves like a dust and can be considered as a geometrical candidate of dark matter. The
action is equivalent to a gravitational theory with a constraint which is added by a Lagrange multiplier. In this point
of view, the Lagrange multiplier plays the role of the energy density of dark matter and the covariant derivative of
the scalar field plays the role of its velocity. One of the interesting fact about the mimetic theory is that the equation
of motion of the metric tensor has a general form
Fµν + F
α
α∇µφ∇νφ = 0.
Here Fµν = 0 is the metric field equation in the non-mimetic gravity theory. The presence of scalar field results in
the addition of Fµµ to the metric equation. In the Lagrange multiplier point of view, the trace of the metric equation
is the Lagrange multiplier itself, which represents the energy density of the dark matter.
The f(R) gravity theory is equivalent to the special case of mimetic-f(R) theory with vanishing C0 (see equation
(8)). So, the mimetic-f(R) theory is more general, in the sense that it yields more solutions and provides a wider
range of parameters with respect to the cases of non-vanishing C0.
The mimetic-f(R) theory is equivalent to a gravitational theory with two scalar fields. One of them is responsible
for the dark matter sector of the universe and makes the theory conformally invariant. The other is a scalar field
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FIG. 7: The allowed range for n and  for η = 0.01 (left figure) and η = −0.01 (right figure), in the case g(r) = r + η rner.
Also, for each plot we have set c0 = −1, 0,+1. In each figure, the gray area is the allowed region in which the first and the
second derivative of g(r) is positive.
which is added to the action via Brans-Dicke interaction with ω = 0, and is responsible for the dark energy content
of the universe and makes the universe accelerate. The Dolgov-Kawasaki criterion can be found to be equivalent to
the f(R) gravity theory. This can be explained by the fact that the mimetic theory only adds a dust like scalar field
which can not change the behavior of the expansion radically. However, as we have seen in this paper, the existence
of this scalar field can change the parameter space of the theory.
The energy condition analysis of the theory shows that various forms of f(R) can be used to obtain the accelerating
universe. In the case f(R) = R+αRn, we have shown that generically, the allowed region, with respect to n, in which
the accelerated expanding condition in fulfilled always lies in n ∈ (n2, n3) where n2 and n3 corresponds to points in
which the conditions (II) and (III) vanishes. Also, there is a special case for β > 0 where the allowed range can extend
to minus infinity.
In the case f(R) = α exp(βR), we have shown that in order that gravity remains attractive and the Dolgov-Kawasaki
instability disappears, both the parameters β and α should be positive. An interesting fact about this case is that
the parameter β always bounded but the parameter α can be extended to infinity. We have also considered a more
general case f(R) = R + αRn exp(βR). We have seen that for both signs of the coupling α, the c0 = 0 case can
produce a healthy accelerating universe.Also, we have shown in this case that the c0 > 0 values gives more parameter
range.
In summary, we have seen in this paper that the mimetic-f(R) gravity generalizes the f(R) gravity theory which
gives us more parameter space for having a healthy accelerated expanding phase. In this parameter space the Weak,
Dominant and Null energy conditions remain valid, and the Dolgov-Kawasaki criterion is satisfied.
[1] A. H. Chamseddine and V. Mukhanov, JHEP 1311 (2013) 135, arXiv:1308.5410 [astro-ph.CO].
[2] A. Golovnev, Phys. Lett. B 728 (2014) 39, arXiv:1310.2790 [gr-qc].
[3] O. Malaeb, Phys. Rev. D 91 (2015) 103526, arXiv:1404.4195 [gr-qc].
[4] Jiro Matsumoto, S. D. Odintsov, S. V. Sushkov, Phys. Rev. D 91 (2015) 064062, arXiv:1501.02149 [gr-qc]; S. Nojiri, S. D.
Odintsov, Mod. Phys. Lett. A 29 (2014) 1450211, arXiv:1408.3561 [hep-th]; F. Capela, S. Ramazanov, JCAP 04 (2015)
051, arXiv:1412.2051 [astro-ph.CO]; S. Ramazanov, arXiv:1507.00291 [gr-qc].
[5] R. Myrzakulov, L. Sebastiani, S. Vagnozzi, arXiv:1504.07984 [gr-qc]; A. V. Astashenok, S. D. Odintsov, V.K. Oikonomou,
arXiv:1504.04861 [gr-qc]; D. Momeni, R. Myrzakulov, E. Gdekli, Int. J. Geom. Methods Mod. Phys. 12 (2015) 1550101,
arXiv:1502.00977 [gr-qc].
14
[6] T. Jacobson and D. Mattingly, Phys. Rev. D 64 (2001) 024028, arXiv:0007031 [gr-qc].
[7] P. Sandin, B. Alhulaimi and A. Coley, Phys. Rev. D 87 (2013) 044031; A. R. Solomon and J. D. Barrow, Phys. Rev. D 89
(2014) 024001, arXiv:1309.4778 [astro-ph.CO]; J. D. Barrow, Phys. Rev. D 85 (2012) 047503, arXiv:1201.2882 [gr-qc].
[8] C. Eling and T. Jacobson, Class. Quant. Grav. 23:5643 ,2006, Erratum-ibid.27:049802,2010, arXiv:0604088 [gr-qc]; T.
Tamaki and U. Miyamoto, Phys .Rev. D 77 (2008) 024026, arXiv:0709.1011 [gr-qc];
[9] P. Horava, Phys. Rev. D 79 (2009) 084008, arXiv:0901.3775 [hep-th].
[10] Z. Haghani, T. Harko, H. R. Sepangi and S. Shahidi, arXiv:1404.7689 [gr-qc].
[11] Z. Haghani, T. Harko, H. R. Sepangi and S. Shahidi, JCAP 05 (2015) 022, arXiv:1501.00819 [gr-qc].
[12] L.Mirzagholi and A. Vikman, JCAP 1506 (2015) 06, arXiv:1412.7136 [gr-qc].
[13] T. Jacobson, Phys. Rev. D 81 (2010) 101502, Erratum-ibid.D 82 (2010) 129901, arXiv:1001.4823 [hep-th].
[14] A. H. Chamseddine, V. Mukhanov and A. Vikman, JCAP 1406 (2014) 017, arXiv:1403.3961 [astro-ph.CO].
[15] S. Nojiri, S. D. Odintsov, Mod. Phys. Lett. A 29 (2014) 1450211, arXiv:1408.3561 [hep-th].
[16] G. Leon and E. N. Saridakis, JCAP 1504 (2015) 031, arXiv:1501.00488 [gr-qc].
[17] A.D. Dolgov and M. Kawasaki, Phys. Lett. B 573 (2003) 1, arXiv:0307285 [astro-ph].
[18] V. Faraoni, Phys. Rev. D 74 (2006) 104017, arXiv:0610734 [astro-ph].
[19] T. P. Sotiriou, Phys. Lett. B 645 (2007) 389, arXiv:0611107 [gr-qc].
[20] S. Nojiri, S. D. Odintsov, Phys.Rev. D68 (2003) 123512, hep-th/0307288.
[21] Z. Haghani, T. Harko, F. S. N. Lobo, H. R. Sepangi, S. Shahidi, Phys. Rev. D 88 (2013) 044023, arXiv:1304.5957 [gr-qc];
S. D. Odintsov and D. Saez-Gomez, Phys.Lett. B725 (2013) 437-444, arXiv:1304.5411 [gr-qc]. J. Wang, Y. Wu, Y. Guo,
W. Yang, L. Wang, Phys. Lett. B 689 (2010) 133, arXiv:1212.4921 [gr-qc].
[22] M. Visser, Phys.Rev. D56 (1997) 7578, arXiv:gr-qc/9705070; M. P. Lima, S. Vitenti, M. J. Reboucas, Phys.Rev.D 77
(2008) 083518, arXiv:0802.0706 [astro-ph]; C. Wu, C. Ma and T. Zhang, Astro. Phys. J 753 (2012) 97, arXiv:1110.4541
[astro-ph.CO]; “Lorentziand wormholes: from Einstein to Hawking”, M. Visser, Springer, 1996.
[23] J. Santos, J. S. Alcaniz, M. J. Reboucas and F.C.Carvalho, Phys. Rev. D 76 (2007) 083513; K. Atazadeh, A. Khaleghi, H.
R. Sepangi and Y. Tavakoli, Int. J. Mod. Phys. D 18 (2009) 1101; N. M. Garca, T. Harko, F. S. N. Lobo and J. P. Mimoso,
Phys. Rev. D 83 (2011) 104032; D. Liu and M. J. Reboucas, Phys. Rev. D 86 (2012) 083515; M. Sharif and S. Waheed,
Adv. High Energy Phys. 2013 (2013) 253985.
[24] A. Banijamali, B. Fazlpour and M. R. Setare, Astrophys. Space Sci. 338 (2012) 327.
[25] J. Wang and K. Liao, Class. Quantum Grav. 29 (2012) 215016.
[26] M. Sharif and M. Zubair, J. High Energy Phys. 12 (2013) 079.
[27] S. Capozzielloa, F. S.N. Lobo, J. P. Mimoso, Phys. Lett. B 730 (2014) 280; J. P. Mimoso, F. S. N. Lobo and S. Capozziello,
J. Phys.: Conf. Ser. 600 (2015) 012047.
[28] S. W. Hawking and G. F. R. Ellis, The large scale structure of space-time, Cambridge University Press, 1973; S. Carroll,
Space-time and geometry: An introduction to general relativity, Addison Wesley, 2004.
[29] Dadhich, N.: arXiv:gr-qc/0511123v2; Kar, S. and Sengupta, S.: Pramana J. Phys. 69(2007)49.
[30] E. Poisson, A relativistic’s toolkit: The mathematics of blackhole mechenics, Cambridge University Press, 2004.
[31] T. Harko, F.S.N. Lobo, S. Nojiri, S. D. Odintsov, Phys. Rev. D 84 (2011) 024020, arXiv:1104.2669 [gr-qc].
[32] J. Xia, V. Vitagliano, S.Liberati, and M. Viel, Phys. Rev. D 85 (2012) 043520.
